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Abstract

We present six examples of 3-dimensional modp Galois representations of projective type
A6 for which we were able to obtain computational evidence for the generalization of Serre’s
Conjecture proposed by Ash, Doud, Pollack, and Sinnott (Duke Math. J. 112 (2002) 521). Five
of these examples arise fromA6 extensions ofQ; one of them arises from a 3.A6 extension
of Q. We also propose a further refinement of the conjecture corresponding to the “peu vs.
très ramifiée” distinction of Serre.
© 2005 Elsevier Inc. All rights reserved.
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0. Introduction

In this paper we give additional computational evidence for the generalization
of Serre’s Conjecture[Serre 87] proposed in [Ash-Sinnott 00] and extended in
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[Ash-Doud-Pollack 02]. We also propose a further refinement—corresponding precisely
to the “peu ramifiée–très ramifiée” distinction in Serre—which removes an ambiguity
in the prediction of the earlier conjecture.
The conjecture sets out a precise relationship between modp Galois representa-

tions and the modp cohomology of congruence subgroups ofSLn(Z): see below
for the statement in the case of three-dimensional irreducible representations, and see
[Ash-Doud-Pollack 02]for the general situation ofn-dimensional, possibly reducible,
representations.
Let p be a prime number, and let̄Fp be an algebraic closure of the finite fieldFp

with p elements. We fix an algebraic closurēQ of the rational numbersQ, and let
GQ = Gal(Q̄/Q) be its Galois group. We consider in this paper three-dimensional
representations ofGQ over F̄p of “type A6”: continuous irreducible Galois representa-
tions � : GQ → GL3(F̄p) whose image inPGL3(F̄p) is isomorphic toA6. The image
of � has larger order in these examples than any on which our conjecture been tested
so far.
We looked at twelveA6 extensions ofQ, taken from the tables of Jones (Tables of

Number Fields with Prescribed Ramification: Sextics[Jones 98]). These are in fact all
A6 extensions ramified at most two primes�19. We found six of these on which it
was feasible to check the conjecture. In all of these cases, the conjecture appears to
be true, in the sense that a Hecke eigenclass exists in the predicted cohomology group
satisfying the equality of its Hecke polynomial at with the characteristic polynomial
of Frobenius at for all unramified�47.
Part of the task of checking our conjecture requires studying the local behavior

of these fields: determining local Galois groups and higher ramification. These com-
putations were initially being done entirely with PARI/GP[GP], but while we were
investigating these examples, theDatabase of Local Fieldscreated by Jones and Roberts
[Jones-Roberts 03](with its enormously useful local fields calculator) came online. It
allowed us to double-check the local field calculations we had made, and it made
the remaining calculations much easier to complete. The other part of checking our
conjecture requires determining the action of the Hecke algebra on the cohomology of
certain congruence subgroups ofSL3(Z) with modp coefficients. For this the programs
developed for[Ash-Doud-Pollack 02](which have now been extended to allowp = 2)
were used.
We would like to thank Koichiro Harada, Ron Solomon, John Swallow, and David

Roberts for helpful conversations and information.

1. The conjecture

In this section we review and slightly refine the conjecture on modp Galois repre-
sentations found in Section 3 of[Ash-Doud-Pollack 02]. However, we only state the
conjecture for irreducible, three-dimensional representations. The refinement consists
of resolving the ambiguity inherent in the “prime” notation for the weight, using the
concept of peu vs. très ramifiée. We simply copy Serre in his original conjecture for
GL(2) in this regard.
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We choose for each primeq a Frobenius element Frobq in GQ and we fix a de-
composition groupGq of q with its filtration by its ramification subgroupsGq,i for
i�0, numbered so thatGq,0 is the full inertia group ofq in Gq . We sometimes denote
Gq,0 by Iq . The quotientIq/Gq,1 is called thetame inertia groupof q. We also fix a
complex conjugation Frob∞ ∈ GQ .
Start with a continuous irreducible representation� : GQ → GL3(F̄p). We will

define three invariants associated to�: a level, a nebentype character, and a collection
of weights.

Level: For any primeq �= p set

nq =
∞∑
i=0

(|Gi |/|G0|) dimM/MGi , (1)

where Gi denotes the image under� of the ith higher ramification subgroup atq

and M denotes the vector spacēF
3
p on which � acts. We define the level of� to be

N = ∏
q �=p qnq .

Nebentype: Factor det� = ��k, where� is the cyclotomic character modulop and
� is a character ofGQ unramified atp. The conductor of� divides N, so we can

consider it as a Dirichlet character(Z/NZ)× → F̄
×
p . This is the nebentype character

of �.
Weight: This is a triple of integers(a, b, c) satisfying 0�a − b, b − c�p − 1 and

0�c�p−2. We call such a triple “p-restricted”. Given such a triple, there is associated
an irreducibleFp[GL3(Z/pZ)]-module, which is denoted byF(a, b, c). See Section 2.3
of [Ash-Doud-Pollack 02]. Associated to� there is a collection of weights, determined
as follows:
Consider� restricted toIp, the inertia subgroup ofGQ at p. This can be upper-

triangularized overF̄p, and we obtain three characters down the diagonal. There are
three cases, which we refer to by the term “niveau”. Recall that a character ofIp into

F̄
×
p factors through the tame inertia groupIp/Gp,1 and is called “niveauk” if its image

lies in F×
pk

but in no F×
pr for r < k.

Niveau1: In this case all three characters are niveau 1, i.e. powers of�. Let those
powers beA,B,C read from the upper left corner to the bottom right corner. Let
(a, b, c) be thep-restricted triple congruent to(A − 2, B − 1, C) modulo p − 1. (We
sometimes use the “prime” notation, and write(a, b, c) = (A− 2, B − 1, C)′.) We say
that (a, b, c) is one of the weights associated to�. Doing this for all different ways of
upper-triangularizing�|Ip, we obtain the set of weights associated to�.

Niveau 2: Let � be the fundamental character of niveau 2. In this case, one of
the characters is niveau 2, say�m, another of the characters is�pm, and the third
character is niveau 1, say�k. Write m = r + sp with 0�r − s�p − 1 (if possible).
Let (A,B,C) be either(k, r, s), (r, k, s) or (r, s, k). Let (a, b, c) be thep-restricted
triple congruent to(A − 2, B − 1, C) modulo p − 1. We say that(a, b, c) is one of
the weights associated to�. Doing this for all possible choices, we obtain the set of
weights associated to�.



4 A. Ash et al. / Journal of Number Theory ( ) –

ARTICLE IN PRESS

Niveau3: Let � be the fundamental character of niveau 3. In this case, one of the
characters is niveau 3, say�m, another of the characters is�pm, and the third character

is �p
2m. Write m = r+ sp+ tp2 with 0�r− t, s− t�p−1 (if possible). Let(A,B,C)

be the rearrangement of(r, s, t) into descending order. (Note that conditions onr, s,
and t imply that C = t , but r and s may not be in descending order.) Let(a, b, c)
be thep-restricted triple congruent to(A − 2, B − 1, C) modulo p − 1. We say that
(a, b, c) is one of the weights associated to�. Doing this for all possible choices, we
obtain the set of weights associated to�.
If A−B−1 or B−C−1 or both are divisible byp−1 there is an ambiguity in our

definition of (a, b, c). In niveau 1 we resolve it as follows: suppose first thatA−B−1
is divisible byp−1. We view the upper left 2×2 block as a representation of�|Ip into
GL(2, F̄p). This representation is either peu or très ramifiée, in the sense of Section 2.4
(ii) of [Serre 87]. If it is peu ramifiée, we allow botha = b and a = b + p − 1. If
it is très ramifiée, we seta = b + p − 1. We resolve the ambiguity ifB − C − 1 is
divisible by p − 1 in a similar way.
In the niveaux 2 and 3 we expect that any ambiguity should be resolved by allowing

both possibilities, i.e., ifA−B−1 is divisible byp−1 we should allow botha = b and
a = b+p−1, and ifB −C−1 is divisible byp−1 we should allow bothb = c and
b = c+p−1. See the upcoming paper of Ash, Pollack and Soares[Ash-Pollack-Soares]
for examples of this behavior whenp = 2.
Before we state the conjecture we briefly review the cohomology of certain subgroups

of GL3(Z) as Hecke modules.
For any levelN prime to p, set�0(N) to be the subgroup ofSL3(Z) consisting of

matrices whose first row is congruent to(∗,0,0) moduloN. If � : Z/NZ → F̄
×
p is a

character, we pull it back to a character of�0(N). If V is any F̄p[SL3(Z/pZ)]-module,
pull it back to a�0(N)-moduleV ∗. We denote byV� the �0(N)-moduleV ∗ ⊗ �.
The Hecke algebraH acts onH ∗(�0(N), V�). Let x be a Hecke eigenclass and

 a prime not dividingpN. Write T,kx = a,kx where T,k is the Hecke oper-
ator corresponding to the double coset�0(N)diag(1, . . . , )�0(N) with k ’s, and
a,k ∈ F̄

×
p .

If � : GQ → GL3(F̄p) is a continuous irreducible representation unramified outside
pN, we say that� is attached tox if

3∑
k=0

(−1)kk(k−1)/2a,kt
k = det(I − �(Frob)t) (2)

for all  not dividing pN.
We are ready to state the conjecture.

Conjecture. Let � : GQ → GL3(F̄p) be a continuous irreducible representation. If
p > 2, we assume that�(Frob∞) has eigenvalues1,1,−1 or 1,−1,−1. Let N be
the level and� the nebentype character associated to�. Then for any weight(a, b, c)
associated to�, there exists a Hecke eigenclass x inH 3(�0(N), F (a, b, c)�) with �
attached.
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2. Fields with Galois groupA6 ramified at two small primes

We used the tables of Jones[Jones 98]to obtain a complete list of all sextic exten-
sions ofQ which are at most ramified at two primes�19 and whose Galois closure
has Galois groupA6. There are 24 such fields in these tables, each ramified at two
primes �19 (and at infinity). However,A6 has two conjugacy classes of subgroups
of index 6: one is represented by the “natural” subgroups isomorphic toA5, i.e. the
stabilizers of the elements 1, . . . ,6 under the natural permutation representation ofA6,
and the two classes are interchanged by an outer automorphism ofS6. Hence sextic
fields whose Galois closure has groupA6 will occur in pairs with the same Galois
closure.
We can determine the pairing as follows. Since an outer automorphism ofS6 switches

the two conjugacy classes of elements of order 3 (the 3-cycles and the double 3-cycles)
and preserves the otherS6-conjugacy classes inA6, we can identify sextic fields with the
same Galois closure by examining the cycle structure of the Frobenius automorphism
Frobq for various primesq. In more detail: letK/Q be a Galois extension ofQ with
Galois groupG � A6, let H andH ′ be representatives of the two conjugacy classes of
subgroups ofG of index 6. ThenKH andKH

′
will be nonconjugate sextic extensions

of Q whose Galois closure isK. If we let G act on the cosets ofH and H ′, we
obtain two homomorphisms�,�′ : G → S6 (depending on a numbering of the cosets):
both homomorphisms give an isomorphism ofG with A6, and we have�′ = � ◦ �,
for some outer automorphism� of S6. If Frobq ∈ G is a Frobenius forq, then the
cycle structures of�(Frobq) and�′(Frobq) are the same unless Frobq has order 3 (�
switches the 3-cycles and the double 3-cycles, but preserves the otherS6-conjugacy
classes inA6).
Thus there are twelve Galois extensions with Galois groupA6 arising from Jones’s

tables. These extensions are listed in Table 1. Since Jones’s tables are complete, this
is a completelist of all A6 extensions ofQ at most ramified at two primes�19.
Under “location” we have indicated where in Jones’s tables eachA6 extension can

be found; e.g. “2,3:#55 or #56” means that entries #55 and #56 in the tableNew sextic
fields ramifying above{2,3} are nonconjugate sextic fields with the sameA6 extension
as their normal closure. The polynomial listed in each case generates the first field of
the pair. Henceforth, we refer to theseA6 extensions by the first sextic in each pair.
We used this table to find representations of typeA6 on which we could test our con-

jecture. LetK be the splitting field of one of these polynomials. Then Gal(K/Q) � A6.
If p �= 3, A6 has no irreducible 3-dimensional representations overF̄p, but its triple
cover 3.A6 does, so whenp �= 3 we have to determine whetherK is contained in a
3.A6 extensionK̃/Q. If such an extensioñK exists, we obtain from it a representation
� : GQ → GL3(F̄p) (via GQ → Gal(K̃/Q) → GL3(F̄p)). On the other hand, if we
take p = 3, A6 does have representations intoGL3(F̄3), so we can useK directly
to obtain a representation� : GQ → GL3(F̄3). (We discuss the group 3.A6 and its
representations more fully in the next section.) Since our conjecture is stable under
twisting by Dirichlet characters, we can suppose without loss of generality that (when
p �= 3) K̃ is ramified at the same primes asK. This can be seen as follows, using
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Table 1
A6 Sextics

Location Polynomial

2,3: #55 or #56 x6 + 3x5 + 3x4 + 2x3 − 3x2 − 3x − 1
2,3: #57 or #60 x6 + 8x3 + 9x2 − 6
2,3: #58 or #61 x6 + 6x4 − 4x3 − 3x2 − 12x − 12
2,3: #59 or #62 x6 − 12x3 + 21x2 + 12x − 34
2,5: #17 or #18 x6 − 2x5 + 15x4 + 50x2 − 4x − 82
3,5: #7 or #10 x6 − 5x3 + 45x2 − 99x − 15
3,5: #8 or #9 x6 + 3x5 + 15x4 + 25x3 + 45x + 60
3,7: #3 or #4 x6 + 3x5 + 3x4 − 9x3 − 18x2 + 9x + 18
3,13: #9 or #10 x6 + 3x5 + 3x4 + 2x3 + 3
3,19: #3 or #4 x6 − 3x5 − 3x4 + 14x3 − 12x + 9
5,17: #1 or #2 x6 − 2x5 + 5x2 − 11x − 13
13,19: #1 or #2 x6 − 4x4 − 15x3 − 15x2 − 8x + 4

a technique due to Tate[Serre 77, §6]. Suppose that is a rational prime which is
ramified in K̃ but not inK. Then�(I) equals the centerZ of SL3(F̄p). Let G be a
decomposition group of in GQ : since�(G)/Z is isomorphic to the decomposition
group of  in Gal(K/Q), it is cyclic, and therefore�(G) is abelian. Therefore the
commutator subgroupG′

 of G is contained in ker�, andG′
 ⊆ I; hence�|I factors

throughI/G′
. Now I/G

′
 may be identified with Gal(Q (�∞)/Q ), which in turn

can be identified with Gal(Q (�∞)/Q). (Here �∞ is the group of roots of unity of
order a power of.) Hence there is a cubic character	 of GQ , unramified outside,
such that

�(
) = 	(
)I for 
 ∈ I.

Here I is the 3× 3 identity matrix. So(
∏
 	)

−1·� is only ramified at the primes that
ramify in K. (Here  runs over rational primes that ramify iñK but not in K.) Thus
we may assume that the levelN of � is divisible only by the primes (other thanp)
which ramify inK. Note that� still has determinant 1, so it has trivial nebentype, and
still has image 3.A6 in SL3(F̄p). Sometimes the levelN can be lowered further by
twisting by a suitable Dirichlet character ramified at a prime (�= p) that does ramify
in K; this can change the nebentype.
There are two aspects to testing our conjecture:

• We have to study the fieldK̃ (or just K, when p = 3), to determine the level
N and weights(a, b, c) attached to�; and we need to determine the characteristic
polynomials of�(Frob) for  �pN . The main difficulty here is the analysis of the
ramification groups, which is required to determine the level and the weight. We
give examples of these calculations below.

• Once the levelN, nebentype�, and weights(a, b, c) have been found, we have to
look for eigenclassesx for the action of the Hecke algebra onH 3(�0(N), F (a, b, c)�)
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which appear correspond to�. This means checking that the equation(2) holds for
primes  �pN , �47. For these calculations, we use the programs developed for
[Ash-Doud-Pollack 02](which have now been extended to allowp = 2); for a
description of these programs, see[Ash-Doud-Pollack 02]. The main difficulties that
arise here are limitations on the feasibility of the computations if the levelN or
the weight are too large. For this reason, we have always takenp to be one of the
primes that ramify inK, since this substantially reduces the level.

3. Modular representations of 3.A6

The Schur multiplier ofA6 has order 6, so the universal central extension ofA6
is a six-fold cover ofA6, denoted by 6.A6, and the quotient of 6.A6 by its central
subgroup of order 2 is a triple cover ofA6 denoted by 3.A6. 3.A6 has faithful three-
dimensional complex representations; explicit generators for the image of one of these
representations can be found in[Crespo-Hajto].
If p �= 3, A6 has no three-dimensional linear representations overF̄p, but it does

have representations intoPGL3(F̄p). The mapSL3(F̄p) → PGL3(F̄p) is surjective,
and its kernel has order 3, and therefore any representation ofA6 into PGL3(F̄p) can
be lifted uniquely to a representation of 3.A6 into SL3(F̄p). On the other hand,A6

does have three-dimensional linear representations overF̄3.
All of these representations can be obtained by reduction modp from the three-

dimensional complex representations of 3.A6. There are 4 such representations, which
can be realized overF = Q (�3,

√
5). In fact, the whole character table of 3.A6 lies

in F, and all the representations of 3.A6 can be realized overF: for any finite group
G, the Schur indices ofF [G] divide the order of the center ofG, and also divide
�(m), wherem is the exponent ofG (see for example Serre[Serre 71, p. 109]). Since
the center of 3.A6 has order 3 and the exponent of 3.A6 is 60 (and�(60) = 16),
the Schur indices ofF [3.A6] are all 1. So all the complex representations of 3.A6
can be realized overF. The 4 three-dimensional representations of 3.A6 are conjugate
over Q.
Let p be a rational prime, letp be a prime ofF lying abovep, let �̃ : 3.A6 →

GL3(op) be a realization of one of the three-dimensional representations of 3.A6 over
the integersop of Fp, and let� be the reduction of̃� modp. All the three-dimensional
modular representations of 3.A6 (up to similarity) arise in this way; this can be seen
from the decomposition matrices of 3.A6, which are available from[GAP], for example.
We can summarize three-dimensional modular representations of 3.A6 as follows:

• p > 5, p ≡ 1,4mod 15: There are 4 irreducible three-dimensional representations of
3.A6, each defined overFp.

• p > 5, p �≡ 1,4mod 15: There are 4 irreducible three-dimensional representations of
3.A6, each defined overFp2. They are conjugate in pairs overFp.

• p = 5: There are 2 irreducible three-dimensional representations of 3.A6, each defined
over F25. They are conjugate overF5.

• p = 3: There are 2 irreducible three-dimensional representations of 3.A6, each defined
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over F9. They are conjugate overF3.
• p = 2: There are 4 irreducible three-dimensional representations of 3.A6, each de-
fined overF4. They are conjugate in pairs overF2.

All these representations are faithful except the mod 3 representations, for which the
center lies in the kernel: these are three-dimensional representations ofA6 in GL3(F9).

4. Modp Galois representations of typeA6

In this section we describe the modp Galois representations of typeA6 that arise
from the twelveA6-extensions listed in Table 1, and give examples of the computa-
tion of the levelN and the associated weights, and the characteristic polynomials of
Frobenius. As explained in §2, we always assume thatp is one of the ramified primes.
We discuss the cases withp = 3 separately since we don’t need to worry about the
existence of a triple cover in those cases.

4.1. Mod 3 Galois representations of typeA6

Let K be one of the nineA6 fields in Table 1 that are ramified at 3. We takep = 3
and let� be a representation ofGQ into GL3(F̄3) which cuts outK, i.e.K = Q̄ ker �.
As discussed above, there are two such representations: we may assume that the image
of � lies in GL3(F9), and the other possible choice for� is ��, where � is the
nontrivial element of Gal(F9/F3). � has trivial nebentype.
For three of the nine fieldsK, we can lower the level by twisting by a suitable

quadratic Dirichlet character�; for the remaining fields, we let� = 1. Then for all
nine cases the representation is�� and the nebentype is�. In Table 2 below, we
list the nine fields which are ramified at 3, the levelN of the representation��,
and the nebentype�. (We omit the nebentype� when it is trivial.) �4 denotes the
Dirichlet character corresponding toQ (i) and�8 the Dirichlet character corresponding
to Q (

√
2), considered as taking values inF3.

We illustrate the computation of the level for the first field above (2,3:#55). LetK be
the splitting field ofT (x) = x6+3x5+3x4+2x3−3x2−3x−1, G = Gal(K/Q) � A6.
We need to find the images of the ramification groupsG2,i of 2 in G. To this end we
let L be the splitting field ofT overQ 2, and letD = Gal(L/Q 2); D may be identified
with a decomposition group of 2 inG. Let Gi = �(G2,i ); the Gi ’s may be identified
with the ramification groups ofL/Q 2.
The following computations are easily done in PARI/GP. If we factorT overQ 2 we

find thatT = H ·Q, whereH is an irreducible quartic andQ is an irreducible quadratic.
Using the results of the Appendix, we find thatg(x) = x4+4x3−14x2+3 generates the
same extension ofQ 2 asH, andq(x) = x2+x+1 generates the same extension ofQ 2
asQ. Note thatg andq are both irreducible overQ 2: g(x−1) = x4−20x2+36x−14
is an Eisenstein polynomial, andq is irreducible mod 2.
Let g1(x) = g(x − 1) = x4 − 20x2 + 36x − 14, and leth1 be the resolvent cubic

of g1: h1 = x3 + 20x2 + 56x − 176. Thenh2(x) = h1(2x)/8 = x3 + 10x2 + 14x − 22
is Eisenstein, soh1 is irreducible; the discriminant ofh1 has the form 28 · u, where
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Table 2
Levels of mod 3 representations

K N, �

2,3: #55 28

2,3: #57 27, �8
2,3: #58 27, �4�8
2,3: #59 28, �4
3,5: #7 54

3,5: #8 54

3,7: #3 72

3,13: #9 132

3,19: #3 192

u ≡ 5mod 8—which is not a square, so the Galois group (overQ 2) of h1 is S3, and
the Galois group (overQ 2) of g1 is S4.
The splitting field ofg1(x) over Q 2 contains the discriminant field ofg1, namely

Q 2(
√
5), which is the unramified quadratic extension ofQ 2, and is also the splitting

field of q. Hence the splitting field ofg1 is also the splitting fieldL of T (x) overQ 2.
ThusD � S4. In what follows we will identifyD with S4.
The ramification index ofL/Q 2 is divisible by 4 (fromg1) and 3 (fromh2), so

equals 12 or 24. But it cannot be 24, sinceQ 2(
√
5)/Q 2 is unramified. SoG0 = A4

and G1 = V4 (sinceG1 is the Sylow 2-subgroup ofG0). Since S4 has no normal
subgroups betweenV4 and 1, we haveG1 = G2 = · · · = Gr andGr+1 = 1 for some
r�1; we need to determiner.
To study the higher ramification, let� be a root ofg1(x) in L, � a root of h2(x),

and let = �/�: then ord2() = 1
3 − 1

4 = 1
12, so is a local parameter inL (here ord2

is normalized so that ord2(2) = 1). Let ordL be the valuation onL, normalized so that
ordL() = 1. Let � ∈ V4. Then�� = � (because� has degree 3 overQ 2) so that we
have

ordL(� − ) = ordL

(
�

� − ��
� ��

)
= 4− 3− 3+ ordL(� − ��)

= ordL(� − ��)− 2.

Let � = ordL(� − ) for � �= 1,� ∈ V4; � does not depend on� because there
are no ramification groups betweenV4 and 1. Sinceg′

1(�) = ∏
�∈V4,��=1 (� − ��) and

NL/Q 2(g
′
1(�)) = disc(g1)6, we get

ordLNL/Q 2(g
′
1(�)) = ordL(disc(g1)

6)

24 · 3 · (� + 2) = 6 · 8 · 12;

so � = 6, and sor = 5.
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It follows thatGi = �(G2,i ) contains a subgroup ofGL3(F9) isomorphic toV4 for
i = 0 . . .5. We can diagonalize this subgroup and assume thatGi (for i = 0 . . .5)
contains the subgroup of diagonal matrices of the form diag(±1,±1,±1) (with deter-
minant 1). It follows thatMGi = 0 for such i. So the power of 2 in the level of� is
8, as can be computed from definition (1) in §2. SoN(�) = 28.
To compute the weight(s) attached to�, we find the possible upper-triangularizations

of �(Ip) (with p = 3). Let S be the splitting field ofT overQ 3: we need to determine
the inertia group ofS/Q 3 (which may be identified with�(I3)). For this we can use
the “local field calculator” attached to the local field database of Jones and Roberts
[Jones-Roberts 03], which identifies the fieldSas an extension ofQ 3 with inertia group
C3 × C3. Hence the elements of�(I3) are unipotent inGL3(F̄3). It follows that there
is just one weight attached to� by our conjecture, namely(−2,−1,0)′ = (2,1,0).
The difficulties in computingN(�) in this example arise from the fact that 2 is wildly

ramified inK. For the examples ramified at 3 andq with q �= 2,5, the ramification will
be tame, andN(�) is easier to determine. For example, consider the field ramified at 3
and 13 (3–13 #9). The polynomial isT (x) = x6+3x5+3x4+2x3+3, which factors over
Q 13 into two cubicsg1 andg2, both of which have square discriminants (inQ 13) and
therefore cyclic Galois groups.g1(x − 5) is Eisenstein, whileg2 is irreducible mod 13.
So the splitting field ofT over Q 13 has Galois groupD � C3 ×C3; the inertia group
G0 has order 3, and we haveG1 = 1, since the ramification is tame.
We now need to know the dimensionMG0: sinceG0 is generated by a 3-cycle


in A6 (in terms of its action on the roots ofT ), and since a 3-cycle inA6 normalizes
a V4 (i.e., we may view the 3-cycle as an element ofA4 ⊆ A6) it follows that we
may suppose that�(
) is a permutation matrix of order 3 inGL3(F9), which fixes a
one-dimensional subspace ofM. From this it is easy to see from definition (1) that the
level of � is 132.

4.2. Modp Galois representations of typeA6, p �= 3

Let K be a Galois extension ofQ with Galois group isomorphic toA6, and let
p �= 3. There is always a projective representation�̃ : GQ → PGL3(F̄p) which cuts
out K, and we need to examine the question of whether�̃ lifts to a special linear
representation� : GQ → SL3(F̄p). (Note thatPSL3(F̄p) = PGL3(F̄p).) Now, a
theorem of Neukirch (see[Neukirch 73, Satz 2.2]) says that such a� exists precisely
if the “local lifting problem” can be solved for each placev on Q. This means that
for each placev of Q, we have to find a lifting

�v : Gv → SL3(F̄p)

of �̃|Gv : Gv → PGL3(F̄p). HereGv denotes the decomposition group atv. Also,
the local lifting problem atv is always solvable if the order of̃�(Gv) is not divisible
by 9. This is an observation of Feit’s (see[Feit 89, §6]). Indeed, letY = �̃(Gv),
and suppose thatY does not have order divisible by 9. LetH be the inverse image
of Y in SL3(F̄p). Then H contains the centerZ � C3 of SL3(F̄p). Let W be the
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Table 3
3.A6 extensions

A6 field 3.A6?

2,3: #55 Yes
2,3: #57 Yes
2,3: #58 Yes
2,3: #59 Yes
2,5: #17 Yes
3,5: #7 Yes
3,5: #8 Yes
3,7: #3 Yes
3,13: #9 No
3,19: #3 Yes
5,17: #1 Yes
13,19: #1 No

Sylow 3-subgroup ofY, and X the Sylow 3-subgroup ofH. Then eitherW = 1 and
X = Z or W � C3 andX � Z × C3 (since 3.A6 has no elements of order 9). So the
class ofX in H 2(W,Z) is trivial, and therefore the class ofH in H 2(Y, Z) is trivial
(resYW : H 2(Y, Z) → H 2(W,Z) is injective). ThereforeH splits asZ× Y . So the local
lifting problem is solvable. The theorem of Neukirch and the observation of Feit were
pointed out to us by John Swallow.
Suppose thatv = q is unramified inK: if g ∈ SL3(F̄p) is any lifting of �̃(Frobq),

we can define a lifting�q by setting�q(Frobq) = g and �q(Iq) = 1 (the point being

that Gq/Iq � Ẑ). If v = ∞, then 9 does not divide the order of�̃(G∞). Hence the
possibly delicate cases occur whenv is a finite prime which ramifies inK.
Table 3 below sets out what we have been able to find out about the question

of whether the fields in Table 1 embed in a 3.A6 extension. We would like to thank
David Roberts for resolving for us the harder cases (2,3#55, 3,5#8, and 3,7#7). Roberts
also finds eighteenth degree polynomials whose splitting fields give the 3.A6 extensions
when they exist. For a discussion of these questions, see his upcoming paper[Roberts].

4.3. An example: theA6 extension ramified at 5 and 17

We discuss this example in some detail. (The calculations were done with PARI/GP,
v. 2.1.4.) LetK be the splitting field ofT (x) = x6 − 2x5 + 5x2 − 11x − 13. This
polynomial is 5,17:#1 from Table 1. The discriminant of the sextic field generated by
a root ofT is 58172, and Gal(K/Q) � A6.
First we show thatK is contained in a 3.A6 extensionK̃ of Q. Let �̃ : GQ →

PGL3(F̄p) be the projective representation that cuts outK, wherep is any prime except
3 (later we will takep = 5).

• Over Q 5, T factors into a linear factor and a totally ramified quintic. So the Galois
group ofT over Q 5 is a subgroup ofA5, hence does not have order divisible by 9.
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• Over Q 17, T factors into three quadratics, one unramified, one equal toQ 17(
√
17);

the third lies in the compositum of the other two. So the Galois group ofT over
Q 17 is a four-group, and 4 is not divisible by 9.

Hence the local lifting problems are all solvable, so there is a representation� :
GQ → SL3(F̄p). The kernel of the mapSL3(F̄p) → PGL3(F̄p) is the center of
SL3(F̄p), and has order 3: so the fixed field of the kernel of� is a 3.A6-extensionK̃
of Q containingK. Let G̃ = Gal(K̃/Q) � 3.A6; thenZ = Gal(K̃/K) is the center of
G̃.
Next we show that we can twist� by Dirichlet characters so that̃K/K becomes an

unramified extension. As noted in §2 above, we may assume thatK̃/K is unramified
outside 5 and 17. Letk be the sixth degree extension ofQ obtained from a root of
T. Then Gal(K̃/k) is a triple cover ofA5; but since the Schur multiplier ofA5 is 2,
Gal(K̃/k) � C3×A5. Hence there is a cyclic cubic extensionk̃/k which givesK̃, i.e.
K̃ = k̃K. Since we can and have assumed thatK̃/K is unramified outside 5 and 17,
the conductor ofk̃/k must divide 5· 17 (since the ramification over 5 and 17 ink̃/k
is must be tame).
According to PARI/GP (bnrinit(bnfinit(T),5*17).clgp gives us the order

and the structure of the ray class group of conductor 5· 17) the ray class group with
conductor 5·17 has a unique quotient of order 3, which is in fact the ideal class group
of k. So k̃/k is the Hilbert class field ofk, and soK̃/K is unramified, too.
We now takep = 5, and find the level of� : GQ → GL3(F̄5). Let I17 be an

inertia group of 17 inGQ ; then the imageI of I17 in G̃ has order 2. Lets be an
element ofI17 which maps to the nontrivial element ofI; then we may assume that
�(s) = diag(1,−1,−1) (since �(s) has order 2 and det� = 1). HenceMG0 is one-
dimensional. (Recall thatG0 = �(I17) � I .) On the other handG1 = 1, so the power
of 17 in the level of� is 2, according to (1). Thus the level of� is 172.
We can in fact lower this by twisting by the quadratic character�17 of conductor 17.

Let �′ = �17�. Then �′(I17) still has order 2, since tame ramification is cyclic. Since
�17(s) = −1 (this is because�17 corresponds to the local extensionQ 17(

√
17), and s

restricts to the nontrivial automorphism ofQ 17(
√
17)), �′(s) = diag(−1,1,1), soMG0

is two-dimensional for the twisted action. So�′ has level 17 and nebentype�17.

4.3.1. Weights
To determine the weights predicted by the conjecture, we need to know how 5 rami-

fies in K̃. As noted above,T factors overQ 5 into a linear factor and a totally ramified
quintic g(x). The polynomialg(x + 1) is Eisenstein, and applying Proposition A.1
bis of the Appendix, we see that the polynomialg1(x) = x5 − 5x4 − 5 generates the
same extension ofQ 5. The Galois group ofg1 is eitherC5 or D10 or M20. M20 is
ruled out because the discriminant ofg1 is a square. We can use the PARI/GP routine
polcompositum to find a polynomialh (of degree 20) for an extension ofQ con-
taining two roots ofx5−5x4−5. h factors overQ 5 into two tenth degree polynomials;
we take either of these, applypolred , and factor the resulting polynomials mod 5:
some of these factor asq5mod 5, whereq is an unramified quadratic. This means
that the Galois group ofg1 is D10, and that the splitting field ofg1 over Q 5 is a
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cyclic totally ramified fifth degree extension of the unramified quadratic extension of
Q 5. Thus the inertia group of 5 in Gal(K/Q) is cyclic of order 5, and sincẽK/K is
unramified at 5, we can say that the inertia group of 5 inG̃ is also cyclic of order
5. Hence the image�′(I5) of inertia in GL3(F̄5) is unipotent, so the unique weight
predicted by our conjecture is(−2,−1,0)′(�17) = (6,3,0)(�17).

4.3.2. Characteristic polynomials of Frobenius
We used the symbolic algebra system GAP[GAP] for information about the conju-

gacy classes and the characters ofA6 and 3.A6, and we use the notations of that system
(in particular, the labeling of conjugacy classes) in what follows. LetX be the character
of the representation�; thenX is the reduction of the character of a three-dimensional
representation of 3.A6 modulo a suitable prime above 5. The character values ofX are
as follows:

A6 : 1a 1a 1a 2a 2a 2a 3ab 4a 4a 4a 5ab 5ab 5ab
3.A6 : 1a 3a 3b 2a 6a 6b 3cd 4a 12a 12b 5ab 15ac 15bd
X : 3 3z 3z′ −1 −z −z′ 0 1 z z′ −2 −2z −2z′

Herez is a cube root of unity inF25, z′ = z5 its conjugate. Recall that there are 2 three-
dimensional representations of 3.A6 over F̄5; the other one is obtained by switchingz
and z′. We have collapsed the table according to the values ofX: thus we have written
3cd for the union of the two conjugacy classes 3c and 3d, on which X takes the
common value 0. We call these collapsed classes (3cd, 5ab, etc.) “coarse” conjugacy
classes; we only need to know in which coarse conjugacy class an element of 3.A6
lies to determine the value ofX on that element. Above each conjugacy class of 3.A6
we have listed its image inA6.
For each prime �= 5,17, we need to determine the characteristic polynomial

det(1− �′(Frob)t) that appears in (2). For this it is enough to determine the coarse
class of Frob in 3.A6, since

det(1− �′(Frob)t) = 1− �17()X(Frob)t +X(Frob−1
 )t

2 − �17()t3.

From the factorization ofT mod, we determine the cycle structure of Frob as an
element ofA6, which determines the coarse conjugacy class of Frob in A6 (the usual
problem of distinguishing 5a and 5b thus disappears here).
Let Z be the center of 3.A6, and fix a generatorc of Z. In the calculation that

follows, we assume thatX(c) = 3z, i.e. thatc belongs to class 3a. (If X(c) = 3z′, the
calculation would be similar and the result would be the same.) Suppose thatg is an
element ofA6 of order prime to 3: then there is auniqueelementg′ of 3.A6 of the
same order which maps tog; and the other elements of 3.A6 which map tog are cg′
and c2g′.
Let  be a prime other than 5 or 17, and lets = Frob|K̃ be a Frobenius for in

G̃. We distinguish two cases.
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Case1: g = s|K has order prime to 3; thens = cig′ for somei, and we would like
to determinei. We do this as follows:
Let P be a prime above in K, and let P̃ be a prime aboveP in K̃; we may

assume thats is the Frobenius associated tõP/. Suppose thatf is the residue degree
of P/: then

sf = the Frobenius associated tõP/P = (P, K̃/K),

so

cif = (P, K̃/K),

since f is the order ofg andg′. So ci = (P, K̃/K)f ( f is its own inverse mod 3), and
thus

s = g′(P, K̃/K)f .

We can ask PARI/GP to calculate(P, K̃/K) by calculating the class ofNK/kP in the
ideal class group ofk: we have

(NK/kP, k̃/k) = (P, K̃/K)|k̃.

Finally, we need to find the coarse class ofs. The class ofg = Frob|K is determined
by the cycle decomposition, andg′ then lies in the unique class in 3.A6 with the same
order.(P, K̃/K)f lies in 1a, 3a, or 3b, according to whether it equals 1,c, or c2. The
class ofs = Frob|K̃ is then found by the rules 3a.5ab = 15ac, etc. These relations
can be read off from the character values ofX.

Case 2: g = s|K has order 3. There is only one coarse conjugacy class whose
elements have order 3 inA6, namely 3ab, and it lifts to a unique coarse conjugacy
class in 3.A6, namely 3cd. So the coarse class ofs = Frob|K̃ is 3cd in this case.
We illustrate this calculation with an example. Suppose that = 2, which has residue

degree 5 inK; if P is a prime above 2 inK, then we claim that(P, K̃/K) = c.
We first calculate the decomposition of 2 ink:

? T=xˆ6-2*xˆ5+5*xˆ2-11*x-13;
? k=nfinit(T);
? idealprimedec(k,2)
% = [[2, [1, 1, 0, 0, 0, 0]˜, 1, 1, [0, 1, 0, 0, 1, 1]˜],

[2, [2, -1, 6, -10, -7, 23]˜, 1, 5, [1, 1, 0, 0, 0, 0]˜]]
So there are two primes above 2 ink, call themp1 and p2; p2 has residue degree

5, so that if we choose a primeP of K abovep2, we will have f (P/p2) = 1 and
p2 = NK/k(P). So p2 can be used directly to find(P, K̃/K):
? bnfisprincipal(k,\%[2] )
% = [[1]˜, [-3/5, 3/10, 2/5, -6/5, -9/10, 23/10]˜, 344]
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This says thatp2 lies in the ideal class of the generator that PARI/GP has chosen for
the ideal class group ofk: so (P, K̃/K) = c, as claimed, since we are identifying
Gal(K̃/K) with Gal(k̃/k).
We find that the coarse class of Frob2|K̃ in 3.A6 is (5ab)ci , whereci = (P, K̃/K)f

= c5 = c2; so the coarse class of Frob2|K̃ is 15bd.

5. Summary of calculations

We summarize here the calculations we have been able to complete. There are
six cases in all for which we were able to test the conjecture. In the
other cases, we determined that the level and weights were too big for computation at
present.
In this table�17 denotes the quadratic character with conductor 17,�4 the quadratic

character with conductor 4, and�8 the real quadratic character of conductor 8. We
have omitted the nebentype if it is 1.
Recall that whenp = 5 or 3 there are 2 irreducible three-dimensional represen-

tations of 3.A6 or A6, respectively, each defined overFp2 and conjugate overFp2.
Therefore, in each of the examples displayed in Table 4 the conjecture predicts 2 dis-
tinct Hecke eigenclasses, with eigenvalues inFp2 and conjugate overFp2, to which
the corresponding Galois representations appear to be attached, in the sense explained
in the introduction. This is indeed what we found. Of course, since the action of the
Hecke algebra on cohomology is defined overFp, if we do find a Hecke eigenclass
that appears to be attached to one of the two Galois representations, the conjugate
eigenclass will appear to be attached to the other.
Note that verifying thep = 3 examples requires determining which of the Frobenii

of order 5 are conjugate inA6. We were able to do this in all cases except for
Frob2 in the level 132 example. In that case all we could determine is that Frob2
has order 5. In this case, therefore, we could not check the equality (2), though our
results do show that the left- and right-hand sides of (2) are either equal or conjugate
over F3.
The first five of these examples takep = 3, and so use a representation� : GQ →

GL3(F̄3) which cuts outsK; we don’t need to know whetherK embeds in a 3.A6
extension ofQ. But the case 3,13 : #9, p = 3 is interesting because there is in fact
no 3.A6 extension: so the representation� does not arise by reduction from a complex
Galois representation.
In the second through fifth examples both the upper and the lower 2× 2 block of

�|I3 are “très ramifiée,” in the sense of Section 2.4 (ii) of[Serre 87]. In accordance
with the conjecture, we predict and find in each case an appropriate Hecke eigenclass
in weight (5,3,1). But we have also checked that there are no such eigenclasses in
weights (3,3,1), (3,1,1), or (1,1,1), which are the other possible ways of resolving
the ambiguity in the procedure used to determine the weights.
The sixth example hasp = 5, and therefore requires thatK can be extended to

a 3.A6 extension ofQ . This example was discussed in more detail in the previous
section.
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Table 4
Completed cases

A6 field 3.A6? p N, � Predicted weights

2,3: #55 Yes 3 28 (2,1,0)
2,3: #57 Yes 3 27, �8 (5,3,1)
2,3: #58 Yes 3 27, �4�8 (5,3,1)
3,7: #3 Yes 3 72 (5,3,1)
3,13: #9 No 3 132 (5,3,1)
5,17: #1 Yes 5 17,�17 (6,3,0)

Remark. The isomorphismA6 � PSL(2,F9) gives rise to a two-dimensional linear
representation� : 2.A6

∼→ SL(2,F9) of the double cover 2.A6. The symmetric square
of this representation is trivial on the center of 2.A6, and in this way one can obtain
the three-dimensional representations ofA6 underlying thep = 3 examples above. This
raises the question of whether the representations� : GQ → SL3(F̄9) in the first five
examples in Table 4 are symmetric squares of representations
 : GQ → SL(2, F̄9). If
this were the case, then at least a weak form of our conjecture for these representations
� could be deduced from Serre’s Conjecture ([Serre 87]; see also the discussion in
[Ash-Sinnott 00, §3(i)]).
However, this would require that theA6 extensions in these examples embed in

2.A6 extensions. It is easy to see that they do not. All the 12A6 fields considered
here are totally complex. IfK is a totally complexA6 extension ofQ, and K̂ is a
quadratic extension ofK such that Gal(K̂/Q) � 2.A6, let c be a complex conjugation
in Gal(K̂/Q). Since the only element of 2.A6 of order 2 lies in the center, it follows
that c fixes K, which contradicts the fact thatK is totally complex.

Appendix A. Polynomials and extensions ofQp

The aim of this appendix is to find useful estimates for how accurately one needs
to know the coefficients of an irreducible polynomial over a local field in order to
have determined (up to isomorphism) the field extension obtained by adjoining a root.
When factoring polynomials overQp, we need these estimates in order to determine
the accuracy required in the factorization.
The arguments are taken from the paper of Pauli and Roblot[Pauli-Roblot], adapted

very slightly for our different purpose.
We work overQp, but the case of a general local field of characteristic 0 is no

different. | · | denotes throughout thep-adic absolute value, normalized as usual by
|p| = 1/p.
Suppose thatf (x) = xn + a1xn−1 + · · · + an ∈ Zp[x] is an irreducible polynomial,

and let�1, . . . , �n be the roots off (in Q̄p). Let

�f = min
i �=j |�i − �j |.
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We can calculate�f by finding the largest finite slope� in the Newton polygon of
f (x + �1). Then �f = |p|�. A convenient way to calculate the Newton polygon of
f (x + �1) in PARI/GP is to work instead withf̃ (x) = NQp(�1)/Qp

(f (x + �1)); then

f̃ lies in Zp[x] and has the same set of slopes as doesf (the multiplicities of these
slopes, however, will have been multiplied byn).
We may also use the following lower bound for�f :

Lemma A.1. Let Df = |disc(f )|: then

�f �
(

Df

|an|n−2

)1/n
.

Proof. We suppose that the roots off have been numbered so that�f = |�1 − �2|.
Then we have

|f ′(�1)| =
n∏
i=2

|�1 − �i |

= �f
n∏
i=3

|�1 − �i |

� �f
n∏
i=3

max(|�1|, |�i |)

� �f |an|(n−2)/n.

SinceDf = |f ′(�1)|n, the above inequality may be written

�f �D1/n
f /|an|(n−2)/n �

Let f (x) = xn+a1xn−1+· · ·+an andg(x) = xn+b1xn−1+· · ·+bn be irreducible
polynomials inZp[x]; let �1, . . . , �n be the roots off and �1, . . . ,�n be the roots of
g. We consider the valuation of the resultant off and g:

|R(f, g)| =
n∏

i,j=1

|�i − �j | =
n∏
i=1

|g(�i )| =
n∏
j=1

|f (�j )|.

Since f and g are irreducible, this can be written

|R(f, g)| = |g(�1)|n = |f (�1)|n
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We have the following upper estimate for|R(f, g)|:

Lemma A.2.

|R(f, g)|1/n� |an|1/n max
1� i�n

|bi − ai |

Proof.

|R(f, g)|1/n = |g(�1)|
= |g(�1)− f (�1)|

=
∣∣∣∣∣
n∑
i=1

(bi − ai)�i1
∣∣∣∣∣

� max
1� i�n

|bi − ai ||an|i/n

� |an|1/n max
1� i�n

|bi − ai |

(since |�1| = |an|1/n�1). �

Next we derive an additional expression for|R(f, g)|. We suppose that the roots of
g have been numbered so that|�1 − �1| is as small as possible. We have

|R(f, g)| = |g(�1)|n =
n∏
j=1

|�1 − �j |n.

Now |�1 − �j |� |�1 − �1| by our numbering; and we notice that

• if |�1 − �j | > |�1 − �1|, then

|�1 − �j | = |�1 − �j − (�1 − �1)| = |�1 − �j |,

so

|�1 − �j | = max(|�1 − �1|, |�1 − �j |);

• if |�1 − �j | = |�1 − �1|, then

|�1 − �j | = |�1 − �1 + �1 − �j |
� max(|�1 − �1||, |�1 − �j |)

= |�1 − �1|,
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so again we have

|�1 − �j | = max(|�1 − �1|, |�1 − �j |);

Thus we have

|R(f, g)|1/n =
n∏
j=1

max(|�1 − �1|, |�1 − �j |)

and in the same way, reversing the roles off and g:

|R(f, g)|1/n =
n∏
i=1

max(|�1 − �1|, |�1 − �i |).

We put these together to obtain a criterion forf and g to give the same extension
of Qp, i.e. for Qp[x]/(f (x)) � Qp[x]/(g(x)):

Proposition A.1. If f and g are irreducible and if

max
1� i�n

|bi − ai | < �f

(
Df

|an|
)1/n

or if

max
1� i�n

|bi − ai | <
(

D2
f

|an|n−1

)1/n

—then f and g give the same extension ofQp.

Proof. Assume thatf andg give different extensions ofQp; then by Krasner’s Lemma,

�f � |�i − �j |

for all i and j.
We give a lower bound on|R(f, g)| based on this inequality.

|R(f, g)|1/n =
n∏
i=1

max(|�1 − �1|, |�1 − �i |)
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�
n∏
i=1

max(�f , |�1 − �i |)

= �f
n∏
i=2

max(�f , |�1 − �i |)

= �f
n∏
i=2

|�1 − �i |

= �f |f ′(�1)|
= �fD

1/n
f .

So the first inequality in the statement of the proposition leads to a contradiction with
Lemma A.2. The second inequality implies the first, by Lemma A.1, and so leads to a
contradiction as well. �

Finally, we rewrite these results using thep-adic valuation ordp. Let d = ordpdisc(f );
let a = ordp(an); and let� = maxi �=j ordp(�i − �j ). Then we have

Lemma A.1 bis.

�� d − (n− 2)a

n
.

Proposition A.1 bis. If k is an integer such that

k > � + d − a
n

or such that

k >
2d − (n− 1)a

n
,

Then any monic irreducible polynomial of degree n congruent tof modpk gives the
same extension ofQp as f.

Caveat: The second polynomialmust be irreducible for the result to apply. If we
simply calculatek and find a monic polynomialg ∈ Zp[x] such thatf ≡ gmodpk, it
can happen thatg is reducible and fails to give the same extension ofQp. For example,
let p = 2 and letf = x3 − 2; then d = 2, a = 1, so that(2d − (n − 1)a)/n = 2/3
and we may takek = 1. We cannot takeg = x3, but the Proposition does say that any
irreducible polynomialg ≡ x3mod 2 gives the same extension asf.
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