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1 Introduction

Let k& > 0 be an integer and let I' C SLy(Z) be a congruence subgroup. By
Eichler-Shimura theory, the cohomology group H'(T,Sym*(C)), considered as
a Hecke-module, contains the space of cuspforms of level I' and weight k + 2.
In [12], Stevens studied a much larger cohomology group, one with coefficients
in a space of p-adic distributions Dy equipped with a weight k& action of the
Iwahori subgroup I'g(p) C SL2(Z). The space Dy, admits an equivariant map to
Sym* (Qf,) and thus yields a Hecke-equivariant map

H'(Ty,Dy) 25 H' (T, Sym*(Q32))

on cohomology. Here I'y = I'o(p) N T". While the target of pi encodes infor-
mation about classical modular forms, the source contains information about
overconvergent modular forms of weight k + 2 (see [13]). Moreover, in [12],
Stevens proved that if one restricts to the subspace where U, acts with non-
critical slope, the above map becomes an isomorphism. (This should be viewed
as the analogue of Coleman’s theorem on small slope overconvergent forms being
classical.)

Ash and Stevens in [5, 6] generalized the above comparison theorem to rep-
resentations of GL,,(Q) (even to arbitrary Q,-split reductive groups). If A is a
character of a torus of GL,, let V) denote the Q,-representation with highest
weight A. One then replaces Dy, with a space of p-adic distributions D endowed
with a weight A action. As before, this space maps equivariantly to V) and Ash
and Stevens proved that the corresponding map

H"(To,Dy) 2% H™(To, V)

is an isomorphism if one restricts to a subspace where the slope of U, is small
enough.

A more explicit study of the case of GLy(Q) was made in [10] via modular
symbols. As a consequence of the above comparison theorem, any non-critical
classical Hecke-eigensymbol lifts to a unique Dy-valued Hecke-eigensymbol. In



[10], the following constructive proof of this fact is given: form an arbitrary lift
of the classical eigensymbol to a D-valued modular symbol (but not necessarily
to an eigensymbol). Explicit formulae for such lifts are given. Then iterate the
U,-operator to obtain a sequence that converges to the sought after Dy-valued
Hecke-eigensymbol.

One may hope then to use the methods of [10] to explicitly lift classical
Hecke-eigenclasses for GL,(Q) with n > 2. One daunting part of such a task
is generalizing the first step of lifting a V)-valued cohomology class to a Dj-
valued cohomology class. For GL2(Q), this was done by explicitly “solving the
Manin relations” which required writing down an explicit fundamental domain
for the action of a congruence subgroup on the upper-half plane. To repeat
these arguments for GL,,(Q) with n > 2 would involve examining the geometry
of certain higher dimensional symmetric spaces which on the surface appears to
be a difficult task.

However, in the case of GL3(Q), M. Greenberg [9] simplified the arguments
of [10] and managed to form liftings in a “geometry-free” manner. His basic
idea is to lift modular symbols into a larger ambient space. This larger space
is big enough that forming such lifts is trivial. He then uses the U,-operator to
force such lifts back into the space of interest. Iterating this process leads to
a sequence of modular symbols that converges to the true Hecke-eigensymbol.
These ideas were used by Trifkovié in [14] to compute liftings of eigenclasses cor-
responding to automorphic forms for GLo(K) with K/Q an imaginary quadratic
field; this again is a situation where lifting classes directly is made difficult by
the complicated geometry that is present.

In this paper, we generalize these constructions to the cohomology of GL3(Q).
As a rich theory of p-adic automorphic forms for higher rank groups is begin-
ning to emerge, we note that there are very few groups simple enough for which
computations and numerical exploration are feasible. Along with Sp,(Q) and
GL2(K) for K/Q imaginary quadratic, GL3(Q) is a natural next step in com-
plexity beyond GLy(Q). It is a complicated enough group so that many of
the new higher rank phenomena are observable in its theory, but well enough
understood that computational techniques exist for studying its V-valued co-
homology.

To carry out M. Greenberg’s lifting idea in the context of GL3 cohomology,
we first axiomatize the situation as follows. Let R be a commutative ring and
let T' C G be groups. Let m € G be such that ' and 7~ !I'r are commensurable.
Set S to be the semigroup generated by I' and 7. Then the double coset I'rI"
induces an operator U on H"(I', M) for any right R[S]-module M. Consider a
surjective map D — V of R[S]-modules and the induced map on cohomology

H'(T,D) — H"(T, V).

Let ¢ be a U-eigenclass in H" (T, V') whose U-eigenvalue is a unit in R/ Anng(p).
We prove the existence of a unique U-eigenclass ® in H"(T", D) lifting ¢ under
the assumption that D has a decreasing R[S]-stable filtration {F™ D} such that:

1. D/F°D =V,



2. F"D -7 C F"*1D,
3. The topology on D induced by {F™D} is separated and complete.

(This result corresponds to Theorem 3.1 in the paper.)

For GL2(Q), a filtration on Dy, that satisfies the above conditions is given in
[10] and it is precisely these properties that are used in [9] to produce explicit
lifts of modular symbols. In this paper, we construct for every dominant weight
A of GL3(Q) a filtration on D) that satisfies the above axioms. In particular,
we obtain another proof of the theorem of Ash and Stevens on lifting ordinary
eigenclasses.

The proof of this general lifting theorem follows the methods of [9]. Indeed,
the basic idea is to lift a V-valued cocycle representing ¢ to a D-valued cochain.
There is no reason why such a lift should again be a cocycle. However, as
V = D/F°D, this cochain will be a cocycle mod F°D. Applying the U-operator
and dividing by the U-eigenvalue of ¢ forms a new cochain that still lifts ¢, but
is now a cocycle modulo F'D. This increase in accuracy is a consequence of
the second assumption on the filtration. Iterating this process then leads to a
sequence of cochains that converges to a cocycle whose image in cohomology is
the desired Hecke-eigenlift.

For I' C SL3(Z), work of Ash and others [1, 4] gives a description of H3(I", M)
in terms of GL3-modular symbols. These spaces are computable using the meth-
ods of [4, 3], and by iterating the Uy,-operator one can actually compute approx-
imations to Dy-valued lifts of Hecke-eigenclasses in H3(T', V). We carried out
such computations for some boundary classes of small level and trivial weight
Vb, and indeed obtained sequences of improving approximations to Dg-valued
Hecke eigenlifts of these classes. We intend to compute lifts of weight Vj classes
not arising from GLy found in [4] in the near future.

Now that the beginnings of a computational theory exists for GL3(Q) many
questions arise. For GL2(Q), a non-critical Hecke-eigensymbol in H!(T'g, Dy)
encodes the p-adic L-function of the corresponding classical cuspform. Do these
D, -valued Hecke-eigenclasses encode some kind of p-adic L-function of the cor-
responding automorphic form? In [11], Dg-valued Hecke-eigensymbols are used
to attach a p-adic L-function to a critical slope modular form. Can critical
slope GL3(Q)-forms be studied using these methods? In [8], the algorithms of
[10] were used to compute Stark-Heegner points on elliptic curves. Can one
hope to use these Hecke-eigenlifts to (conjecturally) construct points on the
(conjectural) motive attached to these automorphic forms 4 la Darmon [7]?

The format of the paper is as follows: in the following section we introduce
the distribution spaces D for GL3(Q). In the third section, we prove our general
lifting result. In the fourth section, we construct a filtration on D) satisfying
the properties mentioned above and obtain a lifting result for GL3(Q).



2 p-adic distributions

In this section, we recall the notion of Ash and Stevens of p-adic distribution
valued cohomology for GL3(Q). Our description will be fairly concrete, proving
many of the basic facts by explicit computations. We refer the reader to [5] and
the forthcoming [6] for the case of GL,,(Q) and for a more systematic treatment.

2.1 Notation

Let p be a positive prime. Let C, denote the completion of a fixed algebraic
closure of Q, and let O, denote its ring of integers.

Let G denote the algebraic group scheme GL3. Let B (resp. B°PP) denote
the group of upper (resp. lower) triangular matrices in G. Let N (resp. N°PP)
denote the group of unipotent matrices in B (resp. B°PP). Let T' be the group
of diagonal matrices so that B = T'N and B°PP = N°PPT

Let I denote the Iwahori subgroup of G(Q),), that is, the collection of el-
ements in G(0,) whose reduction modulo the maximal ideal of @, is upper
triangular.

Let T'y(p) denote the Iwahori subgroup of SL3(Z). If I' is any congruence
subgroup of SL3(Z), we write I'y for the intersection I'g(p) N T.

2.2 Spaces of distributions

Let X denote the image of I in N°PP(C,)\G(C,). Since I = (INN°PP(0,))B(0,),
we have that X is isomorphic to B(Q,).

Let X\ denote some algebraic character of the torus T'. Consider the collection
of @p-valued functions

My:={f:X—-0, | f(tg) =A(t)f(g) for t € T(0,) and g € X }.

We wish to consider the subset of these functions that are Q,-rigid analytic. To
make this precise, note that N(0),) maps injectively into X. We give N(Q,) the
structure of a Q,-rigid analytic space by identifying it with the unit polydisc in
C3 via

P

1
0 €X<—>(x,y,z)€@;.
0

o =8
RS BN

So explicitly, a function on N(QO,) is Q,-rigid analytic if it is of the form
lzy ik
/ (8 0 ‘i) = 2%MZW
i

where ¢;;; — 0 asi+j+ k — oo.
We then define

A)\:z{f:X—NO)p

f restricted to N(Q,) is a Q,-rigid function, }
f(tg) = M) f(g) for t € T(Op)
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Note that any function in A is uniquely determined by its restriction to N(QO,).
Under our identification of N(Q,) with @3, rigid functions on N (Qj) corre-
spond to elements of the Tate algebra Z,(X,Y, Z). Let fqu. denote the unique

1
extension to A of the function that sends (8 9(1; %J) to 2%4z¢. Under the above

identification, fup. corresponds to the element X*Y?®Z¢. Since the Zp-span of
these monomials is dense in Z,(X,Y,Z), the span of the f,;. forms a dense
subset of A .

We then set Dy = Homeont (A, Zp), the space of continuous Z-linear func-
tionals of A into Z,. By the above observations, an element ;1 € D} is uniquely
determined by its values on fg. for all a,b,c > 0.

2.3 The weight \ action

Let S’ be any semigroup of M3(Z) N GL3(Z,) containing I'¢(p) and such that
every element of S’ is upper-triangular modulo p. Let 7 be the diagonal matrix
with diagonal entries 1, p and p? and let S to be the semigroup generated by
S’ and .

Note that S” acts on N°PP(0,)\G(0,) by multiplication on the right which
is easily seem to induce an action on X. We extend this to an action of S by
letting 7 act by N°PPg . := N°PPr~lgr. This is well-defined as 7 normalizes
NO°PP and again induces an action on X.

We then get a left action of S on My by (vf)(g) = f(g-v). The following
lemma describes this action explicitly on the functions fu;.. In particular, it
will imply that this action induces a left action on A, and thus a right action

on Dy by (u|y)(f) = p(vf).

di 00
Let A(k1,ke,ks) be the character of the torus that sends (81 d2 (;)) to
3

ditdsdi?. Also, for f € My, we wiite f (91%) = f(z,y,2).

Lemma 2.1. Let A\ = A(ky, ko, k3). For v € S', the weight A action of v on
f € M, is given by:
(V). y, 2) =

det(7)™ (a11 + an@ + az1y) 2 (maz — migy — magz + magwz)t M

<a12 + a22T + az2y ai13 + ag3x + assy —msz + Mgy + Moz — muxz)
b )
a11 + a21T + az1y ai; + a1 + az1y’ msz — mizy — Mo3zz + M3z

Here myj; is the ij-th minor of . Also

(nf)(2,y,2) = f(pz,p°y, p2).

Remark 2.2. In the case of GL2(Q), if A corresponds to Symk((@%), then the
weight A action is simply given by

(V) (33) = () (@) = (a+ca)* f (b+dx> |

a+ cx



Proof of Lemma 2.1. For v € S’, we have

Iz vy ai; a2 a3
01 =2 as1 a2 a3
0 0 1 as31 Qasz 0ass
a1l +a21T +az1y a2 + a2 +azey a1z + ax3x + aszy
= a21 + as1z a22 + a2z a23 + assz
asi asz ass
b11 b12 b13 bll b12 b13
= by boy o3| = 0 baobi1 —b21bio szbnb—bmbla
B = =
b b b b32b11—b31b12  b3zbi1 —b31bis
31 b3z 033 0 ™ o
bll b12 b13
— 0 ba2b11—b21b12  ba3bii —b21bis
= bi1 b1
0 0 det(l"f)
ba2b11—b21b12
bu1 0 0 1 e bis
= 0 ba2b11 —boibiz 0 0 il b23b11l]b21b13
buy det(v) ba2b11—b21b12
0 0 T 0 0
b22b11_b21b12
The congruences above are taking place in X — i.e. modulo N°PP(C,,) (on the
left).
Thus,
1 T y
O 1z
00 1
bu 0 1 2172 glis
b22b11 b21b12 0 f 0 il b23b11i]bzlb13
det(v) b22b11—b21b12
baab11—b21b12 0

A direct computation finds that
bagb11 — ba1b31 = —m32 + M1y + Mmagz — Mmigrz
and
bagb11 — ba1b12 = m3z — M3y — mazz + mizzrz

where m;; are the minors of . Plugging back in establishes the first formula of
the lemma.
For 7, we have

(=f) (

OO =
o+ 8
= e
N—
~
/~
:]I
—
/
co
o8
IS
N—
3
N—
~
N
oo
s
o7
=
b~
= N
Ve
"

as claimed. O



Corollary 2.3. The action of S on M) preserves A .

Proof. In the formulae of Lemma 2.1, the only possibly troubling terms are
(a11 + ao1z + az1y) ! and (maz — my3y — maezz + myzzz) "t For v in S’ C I,
one checks that a1; and mg3 are units while all other coefficients present are
divisible by p. In particular, the power series expansion of these two functions
is again rigid analytic in x, y and z. O

2.4 Specialization to weight \

This section follows closely [5, Section 4] where the general case of GL,, is
treated.

Let A be an algebraic character of the torus 7" which is dominant with respect
to the Borel B°PP and let V), be the finite dimensional representation of G with
highest weight A (with respect to B°PP). Fix vy € V)(Q,) a highest weight
vector; that is, vy - t = A(t)vy for t € T(Qp) and vy - n = vy for n € NPP(Q,).

Thus, the function

I G(Op) — VA(Cp) given by fa(g) =vr-g

descends to a function on N°PP(0,)\G(0O,) and restricts to give a function on
X.

Lemma 2.4. The function fy restricted to X is in Ay @ Va(Qp).
Proof. For t € T(O,) and g € G(0),),

In(tg) = vx-tg = At)va - g = A(t) fr(g)

since vy is a weight vector of weight A\. From this, it follows that fy is in
My @ VA(Qp).

Further, let vq,va,...,vq be a basis of V3 (Q,). Then since V), is an algebraic
representation of GL3,

lxzy
U - (8éf> ZZPi(ﬂc,y,Z)%‘
K3

where P;(z,y,2) € Qp[z, y, z]. Since these coefficients are polynomials, they are
in particular Q,-rigid analytic. Hence, fy is in Ay ® V). O

We evaluate a distribution ¢ € Dy on functions in Ay ® Vi(Q,) by setting
p(> fi ® v;) to be > u(fi)v; where {v;} is a basis of V. It is clear that this
definition is independent of the choice of basis.

Evaluation at fy then gives a map D) — V(Q,) which we will see below is
S’-equivariant. However, this map is not m-equivariant and for this reason we
introduce the x-action on V) as in [2].

For v € V), we define

vky=v-yforye S and wvxm=\n)"tv



This action extends uniquely to an action of S and we write VY when we view
V\ as a S-module under this action.
We now have to following analogue of Lemma 4.1 of [5].

Lemma 2.5. Fvaluating at f gives an S-equivariant map

P D,\ — V;(QP)

Proof. Note that for any v € S/,

Ia(@y) =ox-(zy) = (o 2) -7 = falz) - 7-
Recall that 7 acts on X by x -7 = 7~ 'aw. Thus,
iz -m) = fiu(mtan) = oy - (7 ten) = Ma ) fa(z) -1 = folz) * 7.
We have thus proven that for all v € S
YIx = ey o fa

where e, : V) — V) is the linear map e (v) = v *7.
Now, if L : VA(Qp) — VA (Q,) is a linear map, one sees immediately that

u(Lo f) = L(u(f))
for fin Ay ® VA(Qp). Thus,

(V) (f2) = (v fa) = pley 0 £r) = ex(u(fr)) = p(fr) *v
which proves the S-equivariance of p). O

Set Ly equal to the image of Dy under this map; then L, is an S-stable
Zy-lattice of V¥ (Qp). Let I' C SL3(Z) be a congruence subgroup and let I'g :=
I'NTo(p). The map py then induces a map on cohomology

p;\ . HT(F(),D)\) — HT(Fo,LA)

which we refer to as specialization to weight A.

These cohomology groups carry a natural action of Hecke operators T'(¢, k)
for ¢ a prime and k£ = 1,2,3. (See, for instance, [2]). We will primarily be
interested in the operator U, associated to the diagonal matrix 7 whose diagonal
entries are 1, p and p?. This operator will be carefully defined in the following
section. We point out that since py is S-equivariant, p% is automatically a
Hecke-equivariant map.

The following theorem of Ash and Stevens analyzes the specialization map
restricted to the U-ordinary subspace. (See [6] for a statement of the result
in the form given here and also for the non-ordinary case; see [5] and [2] for
analogous results involving I' cohomology.)



Theorem 2.6. The natural map
Pyt H" (T, D)™ = H" (T, Lx)*™.

is an isomorphism. Here M denotes the direct sum of all generalized U,-
eigenspaces whose Up-eigenvalue is a p-adic unit.

As a consequence of this theorem, any U-ordinary Hecke-eigensymbol in
H" (T, L) lifts uniquely to a Hecke-eigensymbol in H"(I'g, Dy). In the follow-
ing sections, we will prove this fact in a constructive manner analogous to M.
Greenberg’s work in [9].

3 Lifting cohomology classes

In this section, we present a general lemma on lifting cohomology classes. The
notation of this section is meant to mirror that of the previous section with the
aim of making transparent the intended application to the case of interest.

Let I' € G be two groups, let m be some element in G, and let S be the
sub-semigroup of G generated by I' and 7. Let R be a commutative ring and
let D be any right R[S]-module. For v € S and p € d, we write the action of S
on D by p-7.

If we assume that I' and 7~ 'I'r are commensurable, there is an operator
U = U(w) on HY(T', D) defined as follows. Let D™ denote the 7~ !TI'r-module
whose underlying set is just D and whose action by s € 7~ 1I'r is given by
[ s =p-mst L. Acting by 7 gives a map

H"(T,D) -~ H"(z 'T'r, D™)
and restriction and transfer yield maps
H'(x~'I'm, D7) L H™(A, D7) 2 H™(T', D)

where A =T N7~ !'I'r. We define U as the composition of these three maps.
For x in an R-module M, we set Anng(z) to be the ideal of elements of R
that annihilate z. If M is a right R-module and T': M — M is a linear map,
we call a non-zero element x € M an eigenvector for T" with eigenvalue o € R,
if x’T = ax. Note that « is only determined modulo Anng(z). We say that x
is ordinary for T, if the image of « is a unit in R/ Anng(x).
The following theorem is the main result of the section.

Theorem 3.1. Let D be a right R[S]-module with a decreasing R[S]-filtration
{F"D} such that

1. F"D -7 C F""'D for each n > 0,
2. the natural map D — }iLnD/F”D 8 an isomorphism.

Let ¢ be in H™ (', D/F°D) be an ordinary eigenvector for U with eigenvalue c.
Then there exists ® € H"(T', D) such that



1. the image of ® in H"(T', D/F°D) equals ¢,
2. ® is an eigenvector for U with eigenvalue o,
3. Anng(®) = Anng(p).
Moreover, if ® is any ordinary U -eigenlift of @, then ® = ®.

The proof of this theorem will occupy the remainder of the section. We will
make use of a non-canonical lift of U to the level of cochains. To this end, let

--—>Frﬁ>Fr_1—>---—>F0—>R—>O
be a free resolution of R by right R[[']-modules. Applying Homp(—, D) yields
0 — Homp(Fy, D) — - - - — Homp(F,_1, D) % Homp(F,, D) — .. ..
Set
C"(T',D) = Homr (F,., D), Z"(T', D) = ker(dy+1), and B"([', D) = im(d,.).
So, by definition, H"(T', D) = z"(T, D)/B" (T, D).
Note that FT — R — 0 is a free resolution of R[r~!I'r]-modules. Also, both

Fe — R — 0 and FJ — R — 0 are free R[A]-resolutions of R. In particular,
there exists an R[A]-chain complex map 7:

F, R 0
|-
Fr R 0

lifting the identity map on R.

Unraveling the definition of restriction and transfer gives the following de-
scription of U on the level of cocycles, as in [5, Formulae 4.3]. Let ¢ € H"(T', D)
and let ¢ € Z"(T', D) be a cocycle representing . Decompose the double coset
I'zT" as a union of right cosets U;I'm; for v; € I'. Then

(PU)(fr) = D @(re(fr-n ) -7y (mod B'(T, D)).

To lift U to the level of cochains, we simply define an operator U : Hom(F,., D) —
Hom(F,, D) by

(lU)(fr) = Z o (fr - h) T

for ¢ € Hom(F;., D).

Note that this operator depends on the choice of 7 and on the choice of
coset representatives for I'mrI". We will see in the proof of the following lemma,
however, that its restriction to Homr(F,, D) is independent of the choice of
coset representatives.
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Lemma 3.2. The operator U : Hom(F,, D) — Hom(F,., D) induces a map of
chain complexes U : C™(I',D) — C"(T', D) and hence a map of cohomology
groups H"(I', D) — H"(T", D).

Proof. We first check that the action of U on an element of C"(T', D) does not
depend on the choice of coset representatives for I'rI". So assume for each ¢ that
we have I'ny; = I'n?9; and write n;7y; = 7%; with n; € I'. Note that 7r*177i_17r =
4y, ' and thus is in A. We then have for ¢ € C™(T', D) = Homr(F,, D),

th(ﬂ(fw% T = Zap mlfr 7w ) - e
- Z ol om b )
=2 el ) )
=2 e (fr )

which establishes the independence.
We now verify that U induces a map from C"(T', D) to C"(T', D); that is, we
must verify that if ¢ is invariant under I', then so is cp|U . We have

() - M) = ((e|O)fr-77Y) -
:Z¢Trfr~v M) -y

_ZQD TT i ) W’Yi:(@’U)(fr)-

Here the second to last equality follows from the independence of coset repre-
sentatives established above as I'nI" = U;I'my; = U;D'my;7y.
Lastly, the fact that U commutes with d is immediate from its definition. [

The following simple lemma forms the basis of our argument.

Lemma 3.3. Assume that D has a decreasing R[S]-filtration {F" D} satisfying
hypothesis (1) of Theorem 3.1. Then

@€ C"(I',F"D) implies o|U € C"(T,F"*'D).
Proof. We have

(e|U)(f) Z@ (f-wh))-mv

which is in F"*1D as ¢ takes values in F"D and, by (1), F*D-7 C F**'D. O
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Lemma 3.4. Assume that D has a decreasing R[S]-filtration {F" D} satisfying
hypotheses (1) and (2) of Theorem 3.1.
If U is in the kernel of H"(T', D) — H"(T', D/F°D) and

U|U =¥ with a € (R/Amg(¥))~,

then ¥ = 0. That is, there are no ordinary Hecke-eigenclasses in the kernel of
H"(T',D) — H"(I', D/F°D).
Proof. Since « is a unit modulo Anng (), there is an element 3 € R such that
af =1 (mod Anng(¥)). We then have

v =prelun

for all n > 0. If ¥ is a cocycle in Z"(I', FOD) representing ¥, by Lemma

33, ¥V ¢ Z7(I', F"D) + B"(I', D) for all n > 0. Thus, the image of ¥ in

H"(T', D/F™D) vanishes for all n > 0. By hypothesis (2) on {F"D}, we have
H"(T, D) = lim H" (T, D/F"D)

n
and thus ¥ = 0. O
We are now prepared to prove our main theorem.

Proof of Theorem 3.1. Let $g € Z"(I', D/F°D) denote a cocycle representing
o € H(I',D/F°D) and let ¢y € C"(T', D) denote an arbitrary lift of @o. Note
that d@g takes values in FOD as @y is a cocycle.

Since ¢ is an ordinary U-eigenclass, there is some 5 € R be such that af =1
(mod Anng(p)). Define

Gn = B"¢o|U" € C"(T, D).
We claim that the image of ¢, in C™(T', D/F"D) is a cocycle. Indeed,
d@n = B"d(Bo|U™) = 8™ (dgo)|U™

which by Lemma 3.3 takes values in F™D as d@o takes values in FOD.

Let ¢, € Z"(I', D/F"D) denote the reduction of ¢, modulo F"D and let
©n, denote the image of @, in H"(I', D/F™ D). We will show that for each n > 0,
pn is U-eigenvector with eigenvalues a and that ¢, is a lift of ¢, _1.

For the first claim, since ap0|U = apg, we have gbo‘U—agbo isin C"(I', F°D)+
B"(T, D). Thus

oulU — aBn = B"Go| U™ — af"Go|U™ = 6" (Go|U — ao) |U™

which, by Lemma 3.3, is in C"(I", F"D) + B"(T', D). Therefore, gon’U = apy,.
For the second claim, we have

G — Pn—1 = B"Go|U™ — B Go|U ™ = 8" (Bo|U — @o) U™

12



which, by Lemma 3.3, is in C"(I', F"D) + B"(I', D) as B@O‘U = p.
Thus,

{¢¢n} € lim H'(T, D/F"D) = H' (T, lim D/F" D) = H'(T, D) (1)

where the last equality follows from hypothesis (2) on {F™D}. The collection
of classes {y,} therefore corresponds to a single class ® € H"(I', D). It is
immediate that & lifts ¢ and that <I>’U = ad.

The equality of the R-annihilators of ® and ¢ and the uniqueness of ®
now follow from Lemma 3.4. Indeed, let ®" in H"(T', D) be any ordinary U-
eigenlift of ¢ with ®|U = o/®. Then Anng(®’) C Anng(p) as ¢ maps
onto . Conversely, if x € Anng(y), then 2® maps to 0 in H"(I', D/F°D),
while (z®)|U = o/(2®’). Since Anng(z®’) 2 Anng(®’), o is a unit modulo
Anng(2®’). Thus, by Lemma 3.4, 2®' = 0 and so Anng(®’') = Anng(yp).

Finally, since U scales ® by o/ and ¢ by «, it is automatic that o/ — a is
in Anng(¢) = Anng(®’). In particular, ®’ also satisfies ®'|U = a®’. Thus, the
difference ® — ®’, which maps to 0 in H" (T, D/F°D), also scales by a under U.
Since Anng(® — @) contains Anng(P) = Anng(®P’), « is again a unit modulo
Anng(® — @) and so, by Lemma 3.4, we deduce that & = ¢, O

Remark 3.5. If R is assumed to be a local ring, we can strengthen the unique-
ness claim of Theorem 3.1. Indeed, in this case, any eigenlift of an ordinary
eigenclass is automatically ordinary. To see this, let ¢ € H"(I', D/F°D) be
an ordinary U-eigenvector with go}U =ap. If ® € H(T',D) is an eigenlift of
¢ with ®|U = o/®, then o/ = o (mod Anng(p)). Thus o is a unit modulo
Anng(y), which is a proper ideal of R since ¢ # 0. Thus since R is a local ring,
we deduce that ' is a unit in R.

4 Filtrations and liftings

We return now to the setting of section 2. In order to invoke the results of the
previous section, we introduce a filtration on D) which satisfies the hypotheses
of Theorem 3.1.

4.1 An S-stable filtration on D,

We define a filtration on D as follows. For N € Z2°, set

N — t
FilV D, = { peDy : ordy (ulfra)) > [(;”} for 7.t > o}

where [z] is the smallest integer greater than or equal to . (We note that this
filtration is too large to satisfy the hypotheses of Theorem 3.1. In the following
subsection, we will replace it by a slightly smaller filtration.)

Proposition 4.1. The filtration FilVD, is stable under the action of S.
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Proof. By definition, (uh)(fmt) = pu(yfrst). Let A = (ki, k2, k3). By Lemma
2.1, for v € S’, we have

(v frst) (cl):fg) =

001
det(7)" (@12 + azo® +azay)" (a13 + a2z + azsy)* (—maz +mioy +maeoz —myzzz)’

k}lszf’r'fs( kz*k}g*t

(@11 + a21z + az1y) Mgs — M3y — Ma3Zz + M13T2)

We expand out the last terms with the binomial theorem (keeping in mind that
the exponents may be negative). We have

lxy
(Vfrst) <g ! §>
= det(“y)]63 (a12 + agox + aszay)"

(a13 + ags® + azzy)®(—ma2 + mi2y + mazz — mygz2)"

) o o J
(agq)kr—kemr=s Z(kl ij " S) (Cma:—&-%y)

a a
= 11 11
o) J
(1migg)k2 ot ko — ks —t ml?’y My Mg
33 E . -y - — —
=0 J mass3 mass m33
= § Agbe l,aybzc'
a,b,c

Binomial coefficients (Z) with ¢ > 0 and b > a should be interpreted as 0. Note
that aii, 22, a3z, Ma2, and mg3 are all units while asy, as1, asz2, Mi2, M13, and
mas are all multiples of p.

We now consider the possible valuations of agp. for a fixed triple (a,b,c).
Note that the coefficient of a monomial of degree d appearing in the expansion
of the first three nonconstant factors of this product has valuation at least
d— (r+s+t). (This follows as the only non-linear term that appears in
these factors has a coefficient divisible by p.) Also note that the coefficient of

a monomial of degree m in the expansion of the last two nonconstant factors

will have valuation at least equal to [Z2'|. (This follows as all coefficients that

appear in these expressions are divisible by p including the coefficient of the xz
term.) Thus, the valuation of agp. is at least [W .

Note that p(yfrst) = >, be g pett(fape) and we wish to show that this

N —(r+s+t)
2

sum has valuation at least [ —‘ We do this term-by-term; fix a triple

(a,b,¢). If a4+ b+ ¢ > N, then by the above computation, we have that the

valuation of agp. is large enough. If a + b+ ¢ < N, then, as u is in HNDA, we

have that p(fape) has valuation at least [W—‘ Since

{N—(az—&—b—i-c)-‘ N {(a-l—b—l—c);(r—i—s—&-t)-‘ > {N—(r;—s—l—t)-‘
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we have that ,u|7 is in mND)\.
Lastly, we consider the action by the element 7. In this case,

(u|m) (frst) = (T frse) = P72 frst).-
Thus, if x is in FilV Dy, so is u”y. O
Lemma 4.2. If € FilVD, and 1(fooo) =0, then u’w e FilV'D,.
Proof. Since (u|7r)(f,«st) = p" T2 (frst), if (r,8,1) # (0,0,0), then
ordy, ((u]m)(Frst)) > ordy (u(frst)) -
Moreover, if u(fooo) = 0, then (/J’W)(fooo) =0. Thus, p € FilD, implies that

plm € FilN D, O

4.2 The main filtration

Recall the map py : D)y — L) given by evaluation at the function f) sending
g € G(O,) to fag) = vx - g. Set K :=ker(py) which is an S-submodule as py
is S-equivariant. We then define our main filtration on D) by

FilV D, := FilVD, N K,.

Before checking that this filtration satisfies the hypotheses of Theorem 3.1, we
introduce one lemma.

Lemma 4.3. If p € Ky then u(fooo) = 0.

Proof. Let vy, v2, ..., vqg be a basis of V3(Qp). Since vy is a highest weight
vector for N°PP, we have
) d
Ty
Uy (8 ! f) =uvy + ZQPi(a:,y,z)vi.
i—

Thus,

d
pxa(i) = p( fooo)va + Z,u(P{)vi
i=2

where P/ is the unique extension of P; to X. Therefore, pu(fooo) = 0 as p is in

the kernel of specialization. O

Proposition 4.4. We have that {FilN D, } is a decreasing Z,[S)-stable filtration
such that

1. FilV Dy |r CFIV Dy, for all N > 0,

2. the natural map Dy — liLnD,\/FilN D, is an isomorphism.

15



Proof. The first part of the proposition follows from Lemma 4.2 and Lemma
4.3. For the second part, it is clear from the definitions that NFiV D, = 0.
Conversely, if {un} € @D,\/FHN D), for a fixed triple (a,b,c) the sequence
{n (fave)} is Cauchy converging to say aqpe € Z,. Let o be the unique distri-
bution such that p(fape) = @ape for all a,b,c. Then p projects to uy for each
N > 0. O

4.3 Lifting Hecke-eigensymbols

Let H denote the abstract Hecke-algebra generated over Z,, by U, and by T'(¢, k)
for all primes £ # p and k = 1,2, 3. Recall that the specialization map

p}; : HT(F(),D)\) — HT(F(),L)\)

is H-equivariant. We offer the following theorem (which is implied by Theorem
2.6).

Theorem 4.5. If p € H"(T'g,Ly) is an H-eigenvector whose Up,-eigenvalue is
a unit, then there exists a unique H-eigenvector ® € H" (T, D)) that specializes

to .

Proof. By construction, Dy/F°D), 2 Ly. Thus, Theorem 3.1 applies and there
exists a unique U,-eigenvector @ lifting ¢ (see Remark 3.5). Moreover, ® is
automatically an H-eigenvector. Indeed, if T' € H and gp’T = ap, then, since T’
and U, commute, both <1>|T and a® are U,-eigenlifts of ap. By uniqueness, we
conclude that <I>|T =ad. O

Remark 4.6. The above argument works equally well if one had a H-eigenvector
ve H (T, Ly) ® O for some finite extension O of Z,,.
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